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A new technique for handling Monte Carlo integrations with é-function constraints is
presented. Points are generated in the unconstrained volume and then mapped by a scale
transformation or other mapping onto the constrained subspace. The correct weight
factors associated with such mappings are given for n-particle phase space with energy—-
momentum conservation constraints. The flexibility and simplicity of this scheme are
discussed in comparison with existing alternative methods.

1. INTRODUCTION

Both the simulation of experiments and model theoretical analysis of multi-
particle production processes in particle physics often involve phase space integrals
of high dimensionality. Since it is not feasible to evaluate most such integrals
analytically, Monte Carlo methods are frequently used and various techniques
have been developed for specific purposes [1-4]. For integrals of high dimen-
sionality, the integration volume usually increases rapidly with dimension and the
number of random events needed for a desirable statistical accuracy may become
prohibitive, unless the integrand is either sufficiently smooth (so that a very
detailed sampling over the entire region of integration is not needed) or contributes
appreciably to the integral only in a small portion of the region, where the random
sample of events can be concentrated by a suitable choice of distribution. In
essence, an efficient Monte Carlo method generates random events satisfying
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given constraints and concentrated in the regions where the integrand is impor-
tant [5]. On the other hand, to achieve a high efficiency may become a formidable
task in itself which can take a large amount of programming and computing time,
possibly even exceeding the time needed for the actual calculation. Such an
optimization scheme may also vary from case to case. Therefore, we almost
always have to compromise between the efficiency, the total time, and the flexibility
of the program, and it is desirable to have a sufficiently simple but versatile scheme,
which can handle a variety of cases with reasonable efficiency and, of course, can
be further optimized if needed.

Most existing event generators parametrize the n-particle phase space in such
a way that the energy—-momentum surface is mapped into some (3n — 4)-dimen-
sional hypercube. The mapping is chosen so that a uniform density in the hypercube
corresponds as nearly as possible to the desired density on the energy momentum
surface. In this paper we present an alternative scheme in which a full 3r-dimen-
sional parametrization is used and each point generated is then mapped into a
point on the energy—momentum surface. This allows much greater flexibility in
the parametrization, allowing a closer simulation of the desired distribution. The
procedure is not restricted to the use of variables defined in any special Lorentz
frame.

In Sections II and III, we briefly summarize the basic concepts of phase space
integrals and Monte Carlo integration. In Section 1V, we discuss the techniques
for satisfying the constraints by mapping events generated without the constraints
onto the constrained subregion and discuss linear constraints as a simple example
in Section V. Explicit energy-momentum conservation constraints are discussed
in Section VI in terms of different sets of kinematical variables. In Section VII
we discuss practical phase space event generators and in Section VIII we discuss
the assignment of an arbitrary function. The techniques described here have
already been successfully applied to multiparticle calculations [6-8].

II. PHASE SPACE INTEGRALS

Almost any measurable physical quantity in particle physics, whether a cross
section, average value of some momentum or internal quantum number, etc.,
can be viewed as an integral (or sums of integrals) over an n-particle phase space
of the form

@ = [ P(or+ ) 051+ ) Clpu 2 [T dRp). (WD)

where
dQ(p) = d*p 8(p* — m?) 6(p,) (I1-2)
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is the invariant phase space volume element associated with a free particle of
four-momentum p, and mass m [9].

P(p; - p,) is the probability density, appropriately normalized, of observing
an event specified by the set of momenta p, -~ p, . This probability density, of
course, depends on the production mechanism and, in an experimental measure-
ment, may also depend on the efficiency of the measuring apparatus.

O(p, -+~ pn) is the kinematical quantity whose average is being measured (equal
to unity if it is a cross section per invariant phase space volume or a total cross
section}.

C(p, - p,) is a function representing kinematical constraints defining the
measurement, consisting just of § functions for total energy-momentum conserva-
tion if it is a total cross section but, in general, including angular or other kinemat-
ical cuts specifying a particular histogram bin or a particular geometry of the
measuring apparatus.

Thus, in simulating an experiment or doing a theoretical analysis, we must in
general evaluate an integral in a 3n-dimensional phase space, constrained to at
most a (3n — 4)-dimensional subspace. Formally the range of the integral is
unrestricted, though the constraints C keep the integration region finite.

Besides the components of the four-momenta p,, *** p,, , there are alternative
kinematical variables which are useful as variables of integration. We shall use
the following notation for the kinematic variables associated with the four-
momentum p*,

P = (Pz,Py> D) (11-32)

is the three-momentum in rectangular coordinates;

p=(p, 0,9 (I1-3b)
is the three-momentum in polar coordinates;
p.= (px ’ pv) (11'4)

is the transverse momentum, usually defined as perpendicular to the direction of
the incident system in a production process;

Po = (B + mERS = (p + p 2N (11-5)

is the energy, where
it =p.l A+ m? (1-6)

is the square of the transverse mass.
We define
P+ = Po £ P:; (IL-7)
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then
& = arc cosh(p,/m) (11-8)

is the boost angle and
y = arc cosh(p,/p,) = % In(p./p) (I-9)

is the rapidity. No more than three of these quantities listed are independent;
if we denote these three as x = (x; , x,, x3), then

dQ(p) = D(xy, X, , x;3) d*x, (11-10)
for example,
D(psspy>P:) = 1/2p,, (I1-11)
D(p, 0, 9) = P*/2p,, (I1-12)
D(p.,py,y) =3, etc. (11-13)

The integral (II-1) can then be rewritten as
F= f FX1 5y X5) C(Xy 5oy X,) [] @4, (11-14)
i=1

where f(X; ,..., X,) is the product of P, O and the @’s and C specifies the constraints.
More generally, the kinematical variables for each individual particle may be
replaced by other variables; for example, the invariant energies of various sub-
systems of particles, the relative angles defined by the subsystem, etc., can also
be used as the variables of integration, with an appropriate nonfactorizable
Jacobian @.

1II. MoONTE CARLO INTEGRATION

Consider an /~dimensional integral
F= f f@dr,  r=@r), (I11-1)
R

where f is some function and R some region in the /-dimensional space of r. The
Monte Carlo procedure is to select N points r*? in R at random with probability
distribution p(r)

f p@®)dir=1. (111-2)
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Then (see [5]),
= lim - Z f@®) (r‘”) (I11-3)

The convergence of this expression to (III-1) can depend sensitively on the choice
of p(r). Ideally, p(r) should be directly proportional to f(r). In particular, it is
obvious that if f(r) contains a & function, then unless p(r) also contains the same
o function, F given by Eq. (III-3) will remain zero.

Complicated probability distributions p(r) cannot easily be generated on a
computer, so it is in general necessary to transform the variables of the original
expression in Eq. (ITI-1) so that the desired p can be reasonably well approximated
by a simple distribution in the new variables (such as uniform or Gaussian).

1V. CONSTRAINTS

Integrals over phase space usually involve both & function and 6 function
constraints. Let us first consider the former, and as a trivial example, to illustrate
the principles involved, let us consider the integral

+oo
1= f f_w f(x,y) 8(x* + y® — @) dx dy, (IV-1)

where we integrate a function of two variables over the boundary of a circle of
radius a. Note that, because of the 8 function the integration region may be
formally taken as infinite.

The most straightforward way of treating the integral would be to eliminate
the y integration and write

1= [T 10, e — 30 g B (v-2)

From the point of view of Monte Carlo integration this suffers the disadvantage
that a uniform distribution of points in x yields a very nonuniform distribution
of points on the circle, and also that both branches of the square root have to
be considered explicitly.

A much better procedure is to use polar coordinates to write

+o
szf f(rcos 8, rsin 6) 5(r2 — a®) r dr df

2 .. do
fo f(acos 8, asin 6) 5 - (Iv-3)
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However, this depends on recognizing a “good” choice of variables for the region
defined by the & function, which frequently is not easy, particularly in a multi-
dimensional case.

For Monte Carlo integration, there is an equivalent procedure which preserves
this advantage but can more easily be generalized. We introduce a scaling
variable A. Then replacing x by Ax and y by Ay, we can write

=[] f0u, dp) 802 4 Ny2 — at) X2 dx dy (IV-4)

for any A, since the integration range is independent of scale. Let o(z) be any
normalized function:

J o(z) dz = 1. (Iv-5)
Then .
I= f To(X) d (1V-6)

= f f on f()lx, Ay) S(A%x2 + )\2y2 — a?) )\20()\) dx dy . (1V-7)

Now carry out the A integration using the 6 function:

I= f f_i F(ox, Ay) Z)—Céoj_(—);‘;g)—ﬁ dx dy, (IV-8)

where A, = a/(x? + y?)!/2 is the value of A causing the argument of the & function
to vanish. Thus we have retained the form of a two-dimensional integral but each
point has been mapped onto the boundary of the circle. A uniform density in the
(xy) plane results in a uniform distribution on the circle. As a Monte Carlo
procedure the efficiency is determined by the form of the function o, whether
the set of values of A, generated by the chosen distribution of values of x and y
is a good set for evaluating (IV-8). The choice of ¢ will be discussed in Section VIII.

For a two-dimensional integral this is a somewhat heavy-handed procedure;
however, it has the great advantage that the zero of the & function argument has
only to be determined numerically, rather than analytically. The resulting simpli-
fication may even, in this case, compensate for the fact that more points may be
needed than by using the analog of (IV-3).

Let us now generalize this to the case of an /-dimensional integrai.

Consider

1@ = | 1) 8lp(x) — ald', (IV-9)

1 The procedure introduced here is closely related to what is known as “conditional Monte
Carlo™ [5].
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where R, denotes some region in the -dimensional space, ¢ is a specified function,
and a is a parameter.
Let R, be another /-dimensional region (not necessarily different from R,) and
let
x = gfy; b} (Iv-10)

be a family of transformations labeled by a parameter b which maps R, into R,
for all values of b lying in some range. Let

JAy, b) = || ogly; b}{oy | AV-11)

be the transformation Jacobian. Then evidently
I(a) = fR f(gly; b)) Slo(gly; &) — al J iy, b} d'y. (v-12)

{We can in fact allow R, to depend on b. I(a) will still be independent of b if the
region R, , for all values of b in B, contains the entire set of values of y for which
the argument of the & function vanishes.) Let o(b) be any function of 5 with
normalization

f o(b) db = 1. (1V-13)
8
Then

I(a) = fB 1(a) o(b) db

— fB fR f(gly; b)) Slo(gly; b)) — al J(y, b) d'yo(b) db.  (IV-14)

Eliminating the § function by integrating over b and setting

Js(y, b) = J [y, b)[09(gly; b})/0b]7, (IV-15)
we obtain

I@) = | fly: b)) Ty, bo) olb) dy, (v-16)
where b, = by(y) is the solution of

o(gly; b)) = a, AV-17)

assumed to be unique and lie in 8. The Monte Carlo result is then

— S F @y ; b)) Jo(¥: > bos) (bos)
I(a) hglo 5 z ; Fo , (IV-18)

YER
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where p is the probability density in R, according to which the points y; have
been selected. Note that we have not only removed the § function but also have
the freedom to choose the function o(b) so as to improve convergence. Generaliza-
tion to more than one é-function constraint is straightforward. In Appendix A,
we shall discuss a more general scheme and also an alternative to it, where more
degrees of freedom in choosing an arbitrary function o are allowed in both cases.

As discussed in the two-dimensional example, we have retained the form of an
I-dimensional integral but each point has been mapped onto the subspace specified
by the S-function constraints. On the other hand, if the 8 functions are directly
eliminated, the resulting integral is less than / dimensional. However, an integral
with a higher dimension may not need more points to calculate than one with
a lower dimension, provided that a more efficient Monte Carlo scheme can be
achieved for the former. It is usually difficult to find a “good” choice of variables
for both solving the & functions and sampling the subspace specified by the
constraints. After using the transformation, the & function is solved in terms of
the transformation parameter and sampling is on the unconstrained variables y.
The resulting simplicity then may compensate for the need to perform a higher
dimensional integral.

Typical transformation functions g are additive (y; — y, -+ b), multiplicative
(y; — by;), or exponential (y; — y,*) which can be used to map the entire space
— o0 < y; < o0 into itself or, for some cases, (0, o) or (0, 1) into themselves.

Notice that in eliminating the 8 function in Eq. (IV-14), we must solve Eq. (IV-17)
for a given value of a = a,, for any given y. While it can be explicitly solved for
some simple cases, it must be solved numerically for other cases. The most con-
venient way for the latter is by series expansion. In principle, Eq. (IV-17) can be
inverted to give

by = bly, ay), (IV-19)
though we may not be able to find an explicit form for b(y, a,). Let a; = ¢(g(y, b1))
for some arbitrary value b, . If b, is not too far from b, , we can expand

(@y — a)" @
n! 04" lga,

bo=by + ) (1V-20)
n=1

Although the derivatives 0"b/da® can not be obtained by explicit differentia-

tion, they are given in terms of &"a/db". Writing b = (0"b{0a™),,, and

a™ = (6"a/¢9b"),,=,,1 , we have

bV = [aV];
b2 = —[aW] 3 a®,
B® = [aM]5 {3[aP]2 — aVa®), (Iv-21)

b(4) — [a(l)]—7 {loa(l)a(2)a(3) — ls[a(2)]—3 _ [a(l)]Z a(4)}’
..., €tC.
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Rapid convergence of Eq. (IV-21) requires a good choice of b; . In general, four
terms should be plenty; if higher precision is needed, the output value of b, can
be used as an input for another iteration. The choice of b,, of course, varies
from case to case and some examples will be discussed in Section VI.

Constraints involving 8 functions can be treated by the usual methods; either
the set of points is selected to directly satisfy the constraints or they can be selected
from a larger region and then those points outside the domain of the # function
are discarded. Obviously, the latter procedure would give a null result for the
d-function constraints but only reduces the efficiency for the #-function constraints.
However, if a larger region is needed for each dimension, the efficiency decreases
rapidly as the dimensionality increases. A trivial example is that if the range of
integration is constrained to be inside a unit sphere while the points are uniformly
selected inside a unit cube, then the ratio of the points inside the sphere to the
total number of points rapidly decreases to zero as the dimensionality increases.

An alternative procedure, very similar to the one have discussed for the é-func-
tion constraints, can also be worked out for the f-function constraints. Again we
use the mapping from R, to R, . For each point y, solve for a range of 4 such that
the mapped point satisfies the f-function constraint. Then a value of 5 within
this range can be randomly selected according to some probability distribution
o(b) satisfying the normalization condition (IV-13). Mathematically, we have

1@) = | /09 6(p(x) — ) d'x
= [ Ftaly: b)) Bolety: ) — @) Iy, B) d'y
= [ | fGey: 2 Ololely: ) — al ;D) o) db 'y, (IV-22)

and regard the 8 function in the last line of Eq. (IV-22) as a function of b for any
point y. Once again, we may have to solve for the range of b numerically. Depending
on the accuracy of the numerical solution, points may be accidentally selected
outside the domain of the original 8 function. Thus, if desired, we can explicitly
test the constraint for each selected point and throw away these accidental ones.

V. LINEAR CONSTRAINTS

A simple application of the method described in the last section is to the case
of linear constraints. Let

F—= ﬂ:of(x) Sex — a)dix ; v-1)
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then in the notation of Section IV,

$(x) = a-x (V-2)
R, = R, = [— o0, o] (V'3)

The transformations we consider are linear

gly; bt =y + bu,

(V-4)
u=(1,1,1-1),

from which it immediately follows that
Jv(y’ b) =1, (V-S)
Jo(¥, b) = 1/(a - w), (V-6)

bo(y) = (e wy[a —a-y],
=ad —d-u (V-7)
Hence
i Lp SO+ (@ —a -y w) ol — o - yW)

Feimy (@ W) p(y) S

where p(y'¥) is the probability density with which y® are selected from R, .
If the components y; are generated independently with means yx; and variances
sz, i.e.,

V> =5 (V-9)
Lyi — Xy — ) = 0281, (V-10)

and if the u; satisfy the constraint
Doy, =a, (V-11)

then the points x at which the function f'is sampled have mean and second moments
$xpp = =y, (V-12)
0 — p)(xx — pa)) = 07'287'10 - 0‘5'072 — a0 + 206::20 o (V-13)

where @' = af(a - u) &' = o/(a - u) as before. In particular, if « = (1,1,1--- 1), as
occurs in the generation of linear momentum components, we have

x — )X — pa))> = 0,285 — (D[of + a2 + (o®], (V-14)
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where (a?> = (1/) Zi=1 o, is the average of all the 0,2 Hence the correlation
introduced is of order 1//, and is therefore as small as consistent with the constraint.
This method requires much less computation than that of Kittel et al. {12],
produces the same result for identical Gaussian distributions and is much more
general.

VI. ENERGY AND MOMENTUM CONSERVATION CONSTRAINTS

The methods described in the last two sections can now be applied to the general
phase space integral (II-14). Suppose that the only constraints with which we
are concerned are those of overall energy and momentum conservation:

Z pu(xi) = Pu (VI'I)
=1
so that

Clx -+ x) = 39| 3 putx) — 2]

i=1

We first generate a set of 3n variables {x;} by some random process. They will
not satisfy (VI-1) in general. We apply four successive transformations to {x,},
each depending on one parameter A, to give a new set

X' = x[{x}, A, Ay Ag 5 Al (VI-2)

where A, --- A, are determined for each set of {x;} so that the transformed {x,}
satisfy (VI-1). There are many ways of doing this; in this section we give the explicit
formulation for three typical cases.

In each of these cases the equations for three of the parameters A can be solved
explicitly while the fourth must be solved numerically, according to the procedure
described in Section IV.

(A) The simplest example assumes that we work in the center of mass system;
P =0, P? = . In this case we choose p; as variables; the constraints being

Y pi=0, (VI-3a)

E(p) =Y o= 2. (P + mH = (s)'* (VI-3b)
i=1 i=1
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associated with the transformations
P/ = n'A(p; + ), (VI-4)

where A = —(1/n) 3 p; and % is determined from (VI-3b). To do this we need
the derivatives of E:

o"E _ (2n— DIV & (pin)"

= 7 VI-5
G T (— & (VI-5)

A convenient starting point is
= [s — EmPV[E*p + D) — (Zmy)]. (VI-6)

(B) If we deal with a model with limited transverse momentum then we replace
(VI-4) by
p. =pL+ AL,
. VI-7
pL = ”’11/2(Pz + )\z) ( )
We then have the same solution as before with m.? replaced by p%, = m2? + p 2.

(C) An alternative scheme, which does not require P =0, but which also
treats the longitudinal momenta separately is to use p,; and y; as variables.
The constraints are then

Yri=P,, (VI-8a)
i=1
Y wissinhy/ = Pp, (VI-8b)
Y. wiicoshy/ = Py, (VI-8¢)
where
PLi=Pu+ A
i = ay; + /3 (VI-9)
pii = (m;®+ p)"*
Clearly
1 n
;‘.LZ—;(PJ.— PJ_i),
i=1 (VI-10)
B=In (Z i ew‘/P+) s
i=1

where « is the solution of

(i p2+)( g:p}_) = s(a) = P2 (VI-11)

i=1
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We need the derivatives

ols . 4 n . n .
oot TZO ] (l Y] (g PirYs )(Qg1 pi—(—y;) ) (VI-12)
and a starting value
1 s
= 7 In =) VI-13
> y—=Jy (/hl‘u. ) ( )

where ¥ =min(y, " y,), ¥y =max(y, - y,) and pu,’, u, are the associated
transverse masses.

Case (A) can be extended to deal with the case P =4 0. First use the procedure
given above to generate a set {g;} with > q, =0, > g, = (P?)'2 = E. Next
construct

P = q; — (g, - P)P/P?). (VI-14)
Then form
e; = g, P /(i E). (VI-15)
Set
Pos = (pi /2)(e; + €7),
Prr = (i1 /2)(es — €7);

(VI-16)
the four vectors {(p,:, P.; » Po:;)} have the required property.

VII. PROCEDURE FOR EXPLICITLY EVALUATING PHASE SPACE INTEGRALS

Consider again the problem of calculating the expectation value of some
measurable quantity in an N-particle state of total four momentum P, having a
presented probability density per unit phase space volume. Rewriting Eq. (II-1)
slightly, we wish to evaluate

(@ = [ () P(x) Cx, P,) d2x(), (VII-1)

where x is a point in the 3N-dimensional phase space £2,, Q is the measured
quantity, P is the specified probability, and C are the constraint relations specifying
the total four-momentum.

The calculational procedure is indicated schematically in the form of a flow
chart in Fig. 1 and consists of the following stages.
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. Specify the parameters of the calculation. These include the number of

particles N, and their rest masses, the total four-momentum P, , the
numerical constants (e.g., means and variances) specifying the probability
distribution according to which the 3N random variables determining a
point in 2y are to be selected.

. Pick a point x, in the 3N-dimensional space 2y according to some

probability distribution function p and calculate the associated weight
wo = 1/p(X).

. Calculate the values of by(xy, P,), i=1,..,4, such that the point

X = g(Xq, by - by) into which p, is mapped by the transformation g lies
in the (3N — 4)-dimensional subspace 2y corresponding to total four-
momentum P, . Calculate the new point x and the corresponding Jacobian
factor J; introduced in Section IV.

. Calculate the probability densities P(x) (associated with the point x) and

a(by .- b,) (associated with the parameters b;); combine these to give an
effective weight w for the event: w = wy - J,P - o.

. Accumulate the weighted values wQ(x) and the weight w together with

other distributional information. Return to Step B if more points are
needed.

. Calculate (Q> = ZwQ|Zw.

o Al
Specify parameters various parameters

¥

B.
—]
Select a point in {m probability density
p{x)
+ X%
C.

Carry out mapping
P

mapping function

\
|

|

|

1

J

| Xy = x FIER IR
i

I

1 ﬂ? X3 B ey

! D

Calculate contributions probability P(x)

| to weight w

weight for c(b)
} E

|

|

t

'

|

| E.

| Accumulate weights and
: values-check number of
|

|

{

!

1

!

points

f

R output < Q > J

Fic. 1. Flow chart for event generator.
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The dotted line in Fig. 1 indicates the important possibility of self-consistently
determining some of the parameters. For example, if k; --* k3 are the indepen-
dently generated random variables which determine the point x, then the procedure
can be used to determine the weighted méhns and variances of the k; and these
values can be then used as parameters in the distribution p so as to concentrate
the events in regions of higher weight. In principle, the whole procedure could be
incorporated within the framework of an adaptive Monte Carlo scheme allowing
much more complex probability distributions.

More important, however, the dotted line indicates the step of adjusting the
function o(b, -*- b,) so as to reduce the variance of the weights w. The method of
doing this is discussed in detail in the next section; we note here that it requires
that an adequate sample of weights be obtained before the parameters of the
function o can be reliably chosen.

So far we have discussed the type of program illustrated in Fig. 1, as if the
program could be completely specified by defining the probability function P and
measured quantity @ corresponding to the physical situation being considered,
together with a finite number of parameters. In practice, of course, a number of
very important choices have had to be made in the course of writing such a program,
though to make an actual program more flexible a finite number of alternative
options can be provided to be selected by setting an appropriate parameter.

The most important choices to be made, which can have a very large effect on
the efficiency of the programs, are as follows.

(1) What 3N independent variables k; should be generated as independent
random variables to specify an event, and what probability distribution
should be used to generate them ?

(2) What 3N variables x; should be used to specify a point in the space 2, ?

(3) What functional form g(x, b, --- b,) should be used to specify the mapping
onto the desired energy-momentum subspace of 2, ?

The choices under (1) are very broad. The simplest, of course, would simply
be to take k; = x;, i.e., directly generate the phase space variables independently.
But there are many other choices which may be useful where correlations are to
be expected. For example, in multipheripheral models rapidity differences or
momentum transfers may be more “natural’’ variables. If resonances are involved,
certain effective mass combinations may be appropriate, etc. One respect, however,
in which the procedure we describe is less flexible than some others is in the choice
of probability distribution. As pointed out after (IV-13) the original distribution
must be such that for all allowed values of the parameters b,—b, , the transformed
region includes the whole of the subspace corresponding to P, . For this reason,
rectangular or other compact distributions can sometimes give rise to problems,
and must be treated with care.

581/16/3-2
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We discussed in detail in Section VI some choices for the variables x and
transformation functions g; there are, of course, many others. These choices will
in turn suggest optimal choices for the arbitrary function o(b) discussed in
Section VIII.

Py (g}

Palp,)

Pylpy)
Fic. 2. Diagrammatic representation of standard event generation for N particles having
total four momentum P, , individual four-momenta p,,, -+ Py, , and masses p; *** pn .

The physical process corresponding to the event generator of Fig. 1 is indicated
schematically in Fig. 2. So far we have implicitly suggested that the values of N,
P, and the masses of the final state particles are fixed and then a large number of
events is generated. However, there can also be circumstances in which any or
all of these may vary from event to event. We list here some examples.

() Inclusive Distributions. If we want to compare with an experimental
measurement, there is no reason why N itself cannot be chosen as a random
variable provided that the other kinematic parameters are expressed as functions
of N. The original probability distribution assumed for N can be modified in a
self-consistent way as the calculation proceeds, so that the later events are dis-
tributed in accordance with the calculated multiplicity distribution.

(b) Energy Dependence. To obtain the dependence on the total energy, this
can be varied from event to event. Alternatively the energy conservation constraint
can simply be eliminated and the resulting events sorted into different energy
bins. The energy spread of the resulting events will be determined by how wide
a distribution is assumed for the original kinematic variables.

(c) Resonance Formation. Consider the reaction 4 + B— C* + Cy + - C,,,
C,* — D, + D, -+ + D, illustrated in Fig. 3. The straightforward procedure is
to regard this as an (# + m — 1) particle state and choose the invariant mass of
the particles D as a kinematic variable. An alternative procedure is to treat the
first stage as an n-particle process where for each event the mass of C, is selected
from the appropriate Lorentzian distribution, and then use the output four-
momentum p,;, as the input total four-momentum of the m-particle process
corresponding to the decay. Further generalizations are possible. Note that in
this case we have to keep track of two independent sets of weights and transforma-
tion parameters.
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FiG. 3. Factoring of resonance production into two standard event generations, event
generations, with resonance mass M; randomly selected.

(d) Cluster Formation. Consider the reaction illustrated in Fig. 4: A + B—
C,+Cy - C, + Dy + Dy + - D, , where we may wish to obtain a specific
distribution in the four-momentum transfer g2 In this case for each event the
four-momentum ¢, can be selected from the desired distribution and then the
procedure of Fig. 1 applied separately to the n-particle reaction involving the C’s
with total four-momentum (p,, -+ ¢,.), and the n-particle reaction involving the
D’s with total four-momentum (pz — ¢,.). Note that in this case as well as in case (c)
there is an enormous advantage in having a scheme which works with arbitrary P,
and is not tied to a specific Lorentz frame.

F1G. 4. Factoring of peripheral production at fixed four-momentum transfer into two standard
event generations.
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VIII. ASSIGNMENT OF WEIGHTS

In the previous section we outlined the procedure for calculating the expectation
value of some function Q defined on phase space

@ = ( 2 wetib) Q)| 3, wiotid, (VIIL-1)

where i runs over a set of “‘events” generated as described above; w; are the explicit
weights (including the inverse probability of generating the unscaled point x,,
the Jacobians for mapping to the point x, and any model theoretical probability
associated with the point x); {b;} are the set of parameters specifying the mapping,
and o({b;}) is an arbitrary normalized function. We want to choose ¢ to optimize
the estimate of {Q>.

In general the choice of ¢ would depend on Q: we shall assume that we are
interested in simulating an experiment, when the same set of events may have to
be used to discuss many different averages. The best simulation (and in fact the
best uniform procedure for estimating a general {Q)) will come when the relative
weights w;o({b;}) associated with different events are as close as possible, or in
other words, we must choose o so as to minimize

4% = (W% — (wopyd)[{wa)? (VII-2)

(In what follows we shall consider the case of a single b for simplicity: the argument
goes through exactly when »n 5’s determine an event if o(b) is replaced by o({b,})
and db by [1; db. .)

The averages in (VIII-2) are taken over the joint probability distribution of
the pairs of values (w, b) occurring in event sample

(Wod = f f wa(b) p(w, b) dw db,

(VIII-3)
(Wit = f j w2a(b) p(w, b) dw db,
p(w, b) being the probability density. To solve for the function o we take the
functional derivative of 42 with respect to o and equate it to zero:

84%[a]  {wa)* - 20(b) [ w2o(w, b) dw — 2 <{wo) [ wp(w, b) dw (w?c*)
S {wo)t
= 0. (VIII-4)

Hence
a(b) = (W(b)/WA(b)) - (WEa>[{wa, (VI1I-4)



EVENT GENERATION WITH CONSTRAINTS 213

where w(b) = [ wp(w, b) dw is the mean weight associated with a given b. The
term involving the averages (w?0%) and {wo) is independent of » and can be
ignored as an arbitrary normalization constant. (Although (VIII-4) is apparently
an implicit equation for o, taking the functional derivative at a different point
a(b’) and dividing will confirm that the normalizing term is irrelevant). Thus we
obtain

o(b) = W(b)/Wi(b) = W(b)/(8%(b) + (b)), (VIII-5)

where 62(b) is the variance in w associated with a fixed value 5. Since the variance
in wao(b) comes both from the variance of means Ww(b) and the mean of the
variances 8%b, this ensures that if either component dominates the variance of w,
it is eliminated in the variance of wo, as we intend.

To evaluate (VIII-5) from observations on a finite sample of events we need to
make some assumptions as to the form of p(w, b). We first assume that In w is
normally distributed with mean w(b) and variance y(b):

P(lnw [b) = (1/Qmy(d))/?) exp —((In w — u(0))*/2y(b)),  (VIII-6)
leading to the result

a(b) = exp(—u(b) + Fy(b)). (VIIL-7)

a2l . /XTTET Nt T . 1 0. 1 LR 1 11 1

tions. Reducing all of these ultimately to the generations of identically normally
distributed random numbers, the central limit theorem suggests the assumption
we have made.

If we now choose the definition of our scale parameters b, -+ b, so that they
are also normally distributed, then the standard results for multivariate normal
distributions can be applied [10] and we can immediately assert that y(b) is
independent of b, and that therefore the second term in the exponent in (VIII-7)
can be dropped as contributing an overall constant. To evaluate the other term
we define

Abi — bi - ﬁi s
p = <nwp,

Alnw=Inw —p, (VIIT-8)

0'1'7' = <Ab1 Ab]'>,
a; = {db; 4 In w,
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where the averages over the whole sample. Then

) = p+ Y, Abfo g, (VIIL-9)

2,j=1

So that, again omitting overall constant terms, we use

- 24: bz‘ai(o_l)iii . (VIII-10)

i,§=1

o(b) = exp

For best results the distribution of b; should be checked to see whether some other
function of b; has a distribution closer to normal.

APPENDIX A

In this appendix we discuss a more general scheme for eliminating the 3-function
constraints by using the mapping (IV-10). The procedure discussed in Section IV
is probably the simplest special case of this scheme; an alternative simple and
useful case is given here,

Consider the one dimensional integral

I= f f(r)dr. (A-1)

Suppose we can find a transformation
r =r(r,b), r'ep, bep, (A-2)

which for fixed b maps p’ into p, and for fixed ' maps B into p. (A scaling trans-
formation over the range [0, oo] satisfies this condition, for example.) Let

JAr', by = orfar';  Ji(r', b) = or|ob, (A-3)

and let us introduce the notation f(r', b) = f(r(+’, b)) for any function f. Then we
can rewrite I in two different ways:

I=I; = f0',5)J,bydr, (A-4a)

r ep

I=1I= f,, e, by 3, by ab, (A-4b)
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and hence, if o,(r'), os(b) are normalized functions over the ranges p’ and B,
respectively, we can write

I= [ Lob) db = | [ 76, 8) 10", b) 0p(B) " o (A-53)
or

1= Loyrydr' = [ [ f(',0) Jolr', B) o) " b, (A-5b)

In this case r’, b enter in a completely symmetrical way.

Now let us consider again the case of an /-dimensional integral, where now x
is the integration variable over some /-dimensional R and we use the mapping
(IVv-10)

x = gfy; b}. (A-6)

Suppose we now pick a new set of coordinates

x=(rw); y=(,w

r=r@',b)

(A7)

where w is (/ — 1) dimensional and is left invariant by the mapping (A-6). Then
we have

I= J. Fx)dx = J E(r, w) Jo(r, w) dr d'w, (A-8)
R
where
Jolr, w) = || 0(x; =+ x)[o(r, wy === wi_y)l|
or in other words

I= f I(w) d'w,
(A-9)
I(w) = f F(r, w) J (r, w) dr,

and I(w) is just a one-dimensional integral of the type considered above with w
a parameter appearing at each stage of the integrand.
We now consider the case when F(x) contains a §-function constraint

F(x) = () 8[p(x) — al. (A-10)
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We carry out the substitutions leading to the equivalent of (A-5) and eliminate
the & functions by integrating over b, as in Section IV. We obtain

1= [ 7@y, bo) July, bo) osbu W) &, (A-l1a)

1=, fain b Iy bo TR TEDD | o), w) .
' (A-11b)

Equation (A-11a) is a slight generalization of (IV-16) allowing the arbitrary
function oy to depend on the value of the invariant w, and to be separately nor-
malized for each w; (A-11b) provides an alternative procedure.

As a result, Eq. (A-11a) involves an arbitrary function of b and w evaluated
at b = by, while Eq. (A-11b) involves an arbitrary function of r’ and w, inde-
pendent of the & function. Thus the choice between these two procedures would
depend on whether it is more convenient to find a suitable function for o(b, w)
or o(r', w). In the latter case we would have to use a procedure analogous to that
discussed in Section VIII to determine the optimal o(r’, w).

Equation (A-1la) is more general than Eq. (IV-16) in the sense that o can
depend on the / — 1 invariants as well as b. However, we have to find a suitable
set of invariants and a function ¢ which is normalized for all values of g, while
Eq. (IV-16) is much simpler and very often sufficient. Equation (A-11b) has an
apparent advantage over Eqs. (IV-16) and (A-11a) that the choice of & directly
depends on the distribution of y itself, which is chosen a priori, while for
Eq. (A-11a), the choice for o depends on the distribution of b, , which has to be
determined from the distribution of y and the & function. However, in using
Eq. (A-11b), we have to find a suitable set of variables r and r’, as well as the
invariants. A special case of Eq. (A-11b) is that &(r', w) is independent of the
invariants in analogy with Eq. (IV-16). For the simple additive, multiplicative,
or exponential transformation mentioned in Section IV, it is simple enough to
find these variables and Eq. (A-11b) can be a very useful alternative. In particular
for a multiplicative transformation the choice

14 1/2
r = (Z xlz) ’
1

W; = x7'+1/xi s J =1-1— 1’

is a suitable one, and is essentially that used by Kittel and Van Hove [2] in the
procedure mentioned in the next appendix.
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APPENDIX B: COMPARISON WITH ALTERNATIVE SCHEMES FOR
MONTE CARLO PHASE SPACE INTEGRATION

There exist many programs which generate events distributed in some manner
within the Lorentz invariant n-particle phase space of 3n — 4 dimensions. We
comment briefly here on the different approaches which have been used and the
differences from the method advocated here.

One major difference is that almost all rely on a set of random points generated
uniformly inside a hypercube of 3n — 4 dimensions. Their problem is then to find
a mapping which maps the phase space volume (or, more precisely, which maps
that part of phase space which contributes appreciably to the calculated quantity
in question) into a significant fraction of that hypercube. By the mapping procedure
introduced here we guarantee that every point lies in the phase space volume and
for sufficiently high multiplicity we can fairly easily concentrate the majority of
points in any desired subregion. The price we pay is that since in general the points
prior to mapping must be generated in an infinite volume, they must be generated
nonuniformly and a poor choice can lead to bad fluctuations, though these can
be compensated to a large extent by the procedures of Section VIIL.

The scheme described in this paper is not a specific event generator but a proce-
dure for constructing a large class of such programs. It is therefore not possible
to give any very specific results about time or efficiency since these will depend
so much on the particular problem. One example, however, can be mentioned,
as indicated in Section V this scheme can reproduce the same results as that of
Kittel et al. [2] but with much less computation, the differential becoming more
important with increasing multiplicity. Event generation rates of 1 msec/particle/
event on a CDC 6600, have been attained using a multiregge matrix element, and
obtaining events with small fluctuations of weights.

The most important advantage, however, is that the arbitrariness of the total
four-momentum allowed by the scheme makes it possible to generate events
which all satisfy some particular trigger (such as large transverse momentum),
without having to project from a distribution over the entire phase space region.
Most of the schemes discussed below cannot be used in this manner.

The other schemes fall principally into two classes. The first is especially appro-
priate at low energies when the relevant phase space volume is more or less
isotropic (a good discussion is given in [1]). The variables used are obtained by
representing the process as a sequence of two-body “decays.” As the number n,
of particles increases so does the number of alternative decay schemes, each of
which can be represented by a tree graph. Two different schemes for the case n = 5
are illustrated in Fig. 3, and illustrate the fact that (n — 1) vertices are needed.
A two-body “decay” is characterized by the energy and angle associated with the
“‘decay” products in the rest frame of the “decaying” system, usually expressed
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as (¢, 0;, @;) where p; is the invariant mass of the decaying system, 6, is the
polar angle and ¢, the azimuth of one of the decay products relative to some fixed
direction or, equivalently, (u,, ;, ¢;) where f; is the invariant four-momentum
transfer of that decay product from one of the initial particles, whose direction
serves as the axis about which ¢, is measured. The (3n — 4) variables consist
of the variables describing each of the (n — 1) vertices, except the invariant mass
i, of the first vertex which is fixed by specifying the energy of the collision.

P 5
- ~ P2 (b
/4 Py
Ps

FiG. 5. Two alternative trees for N =: 5.

R -

~—y SR
|

FiGc. 6. Multiperipheral tree structure.

Since in principle an arbitrary distribution could be given to each of these
variables and any choice of “tree” graph is allowed, the system allows great
flexibility, However, since the range of values of p; depends on various u; (j << i),
the process of obtaining a desired distribution is rather complex unless the tree
strucinre corresnonds clasely ta the nhyugical madel of the reaction Furthermore

it is not very easy to simulate the behavior of high energy, multiparticle collisions,
where transverse momenta are always small. To some extent this can be achieved
(Friedman, Risk and Zang [1]; Byckling and Kajantie [3]) using the particular
tree structure shown in Fig. 4 and using the four-momentum transfer variables ¢; .
By generating masses u; concentrated at the bottom of their allowed range, and
damping the distribution in 7, an efficient system is obtained for the multiperipheral
model, but it is quite complex and not easily extendable to other models.
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Kittel, Wojcik and Van Hove [2] have developed a scheme which is much more
in the spirit of the one proposed here. They work with a phase space defined in
terms of the 3n center of mass three-momenta (p,, p) separated into longitudinal
and transverse components. In order to satisfy momentum conservation only,
(n — 1) vectors are chosen independently, their components being Gaussianly
distributed. Then these (# — 1) vectors together with the null vector are
orthogonally transformed into n vectors whose sum is constrained to vanish and
which are otherwise uncorrelated. This leaves only one constraint and setting

Pr—>ApL

which does not affect the vanishing of the sum Y p; , the momenta are transformed
on to the appropriate energy-momentum surface. The present paper is essentially
a generalization and extension of this scheme in two respects. First, the restriction
to the particular variables in question has been removed so calculations can be
carried out just as easily in rapidity or other variables and directly in any frame of
reference desired. Second, the restriction to Gaussian distributions is removed
for the transverse momenta since the cumbersome orthogonal transformation
connecting independent and dependent variables is eliminated and the results of
Section V used directly.

We finally mention the scheme developed by Pene and Kryzwicki [4]. To
generate the transverse momenta they proceed in a way similar to Van Hove;
then the longitudinal components are obtained from a multiperipheral type tree
decomposition.

All of these schemes involve a lower dimension integration but more steps of
computation and are less flexible than our simple, general scheme. On the other
hand they may be more convenient in some special cases.
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